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15.3

Conditional Distribution of Multivariate Normal

If

(Y1

Y2
) ∼ N((µ1

µ2
) ,(Σ11 Σ12

Σ21 Σ22
))

Then
[Y1∣Y2 = y2] ∼ N (µ1∣2,Σ1∣2)

where

µ1∣2 = µ1 +Σ12Σ
−1
22 (y2 −µ2)

Σ1∣2 = Σ11 −Σ12Σ
−1
22Σ21
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15.4

GP-Based Spatial Interpolation: Kriging

If {Y (s)}s∈S follows a GP, then

(Y0

Y
) ∼ N((m0

m
) ,(σ

2
0 kT

k Σ
))

We have
[Y0∣Y = y] ∼ N (mY0∣Y =y, σ

2
Y0∣Y =y)

where

mY0∣Y =y =m0 + kTΣ−1 (y −m)
σ2
Y0∣Y =y = σ

2
0 − kTΣ−1k

Next, we are going to revisit our toy examples
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15.5

Toy Examples Revisited

For simplicity, we assume m(s) = 0 for s ∈ S, the spatial
covariance only depends on distance
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mY0∣Y =y = 0 + kTΣ−1 (y − 0) , σ2
Y0∣Y =y = σ

2
0 − kTΣ−1k

Spatial uncorrelated field:
mY0∣Y = 0

σ2
Y0∣Y =y = σ

2
0

Spatial correlated field:
mY0∣Y = kTΣ−1y

σ2
Y0∣Y =y = σ

2
0 − kTΣ−1k
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15.6

Interpolating Multiple Points in Space
In practice, we would like to predict the values at many
locations. The Gaussian conditional distribution formula can
still be used:

[Y0∣Y = y] ∼ N (mY0∣Y =y,ΣY0∣Y =y)
where

mY0∣Y =y =m0 + kTΣ−1 (y −m)
ΣY0∣Y =y = Σ0 − kTΣ−1k

−2 −1 0 1 2
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−2 −1 0 1 2

Predicted
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15.7

GP-Based Spatial Interpolation: Kriging

If {Y (s)}s∈S follows a GP, then

(Y0

Y
) ∼ N((m0

m
) ,(Σ0 kT

k Σ
))

We have
[Y0∣Y = y] ∼ N (mY0∣Y =y,ΣY0∣Y =y)

where

mY0∣Y =y =m0 + kTΣ−1 (y −m)
ΣY0∣Y =y = Σ0 − kTΣ−1k

Question: what if we don’t know m(s;β),C(h;θ)?

⇒We need to estimate the mean and covariance from the
data y.
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15.9

Recap: Gaussian Process

Assume {y(si)}ni=1 is one partial realization of a spatial
stochastic process {Y (s)}s∈S .

Gaussian Processes GP (m (⋅) ,K (⋅, ⋅)) are widely used in
modeling spatial stochastic processes, where the
covariance K (⋅, ⋅) is typically assumed to be a stationary
and isotropic covariance function C(h) that depends on
spatial distance h only

Spatial statisticians often focus on the covariance function.

e.g. C(h) = σ2 (
√
2νh/γ)νKν(

√
2νh/γ)

Γ(ν)2ν−1
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15.10

Variogram, Semivariogram, and Covariance Function

Under the stationary and isotropic assumptions

Variogram:

2γ(si,sj) = Var (Y (si) − Y (sj))

= E{((Y (si) − µ(si)) − (Y (sj) − µ(sj)))2}

= E{(Y (si) − Y (sj))2}
= 2γ(∥si − sj∥) = 2γ(h)

Semivariogram and covariance function:

γ(h) = C(0) −C(h)
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15.11

Semivariogram { 1
2
Var (ε (si) − ε (sj))}i,j

Source: fields vignette by Wiens and Krock, 2019
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15.12

Estimation: Weighted Least Squares Method

argmin
θ

∑
u∈U

N(hu)
[γ(hu;θ)]2

[γ̂ (hu) − γ (hu;θ)]2



Interpolation of
Spatial Data II

Review: Spatial
Interpolation

Parameter estimation

A Case Study of
Paraná State
Precipitation Data

15.13

Maximum Likelihood Estimation (MLE)

Log-likelihood:
Given data y = (y(s1),⋯, y(sn))T

ℓn(β,θ;y)∝ −
1

2
log ∣Σθ ∣ −

1

2
(y −XTβ)T [Σθ]−1n×n (y −X

Tβ)

where Σθ(i, j) = σ2ρρ,ν(∥si − sj∥) + τ21{si=sj}, i, j = 1,⋯, n

for any fixed θ0 ∈ Θ the unique value of β that maximizes ℓn is
given by

β̂ = (XTΣ−1θ0
X)−1XTΣθ0y

Then we obtain the profile log likelihood

ℓn(θ;y)∝ −
1

2
log ∣Σθ ∣ −

1

2
yTP (θ)y

where
P (θ) = Σ−1θ −Σ−1θ X (XTΣ−1θ X)−1XTΣθ

Solve the maximization problem above to get the MLE
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15.13
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15.14

Remarks on Likelihood-based estimation

Maximizing ℓn(θ;y) involves solving a constrained
nonlinear optimization problem, necessitating numerical
methods for obtaining ML estimates.

Alternatively, Restricted (or residual) maximum likelihood
(REML) can be employed.

Likelihood-based estimation poses computational
challenges with large spatial datasets, primarily due to the
significant computational complexity, requiring O(n3)
operations and O(n2) memory.
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15.15

Paraná State Precipitation Data
We look at the average winter (May-June, dry season) rainfall
at 143 locations throughout Paraná, Brazil
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Goal: To interpolate the values in the spatial domain



Interpolation of
Spatial Data II

Review: Spatial
Interpolation

Parameter estimation

A Case Study of
Paraná State
Precipitation Data

15.16

Exploratory Data Analysis

A linear trend in space (both longitude and latitude) may be
suitable to characterize the large-scale spatial trend
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15.17

Variogram Analysis

An increasing variogram pattern suggests a positive spatial
dependence structure.
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15.18

Estimating Spatial Covariance Via Varogram
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15.19

Maximum Likelihood Estimation of Paraná Rainfall

Next, we will use these information to conduct spatial
interpolation
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15.20

Setting Up the Spatial Grids for Prediction
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15.21

Spatial Predicted Map
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15.22

Prediction Uncertainty Map
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15.23

Summary

These slides cover:

Parameter Estimation for Gaussian Process Spatial
Models

Spatial predictions using Gaussian Process Spatial
Models

R functions to know:

quilt.plot (under the package fields) for visualizing
irregularly distributed spatial data

vgram and variog (under the package fields and
geoR, respectively) for visualizing spatial dependence

variofit and likfit from the package geoR for
condcuting weighted least squares and maximum
likelihood estimation
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