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FDA Books



What Is Functional Data?

I “Functional data is multivariate data with an ordering on the
dimensions. (Müller, 2006)”

yij = xi(tij) + εij ,

with t in a continuum and xi(t) smooth

I Functional data = the functions xi(t), i = 1, · · · , n

I Functional Data Analysis (FDA) treats the whole curve as a
single entity



Challenges

I Characterization of X(t)

I E[X(t)] = µ(t)

I Var[X(t)] = σ2(t)

I Cov (X (t) , X (t′)) = C(t, t′)

I Estimation of X(t) from yij , noisy and discrete observations

I n < p =∞⇒ requires regularization with some smoothness
assumptions



From Discrete to Functional Data

Two approaches:

I Basis-expansion:

x(t) =

K∑
k=1

φk(t)ck,

where {φi(t)} are pre-chosen basis functions (e.g., B-splines)

I Smoothing penalties:

arg max

 m∑
j=1

(yj − x (tj))
2 + λ

∫
[Lx(t)]2 dt

 ,
where λ a “smoothing parameter” and Lx(t) measures the

“roughness” of x(·)



Functional Principal Component Analysis (FPCA)
I Multivariate PCA, use Eigen-decomposition:

Σ = UTDU =

p∑
j=1

djuju
T
j

I FPCA: use Karhunen-Loève decomposition:

C(t, t′) =

∞∑
j=1

djξj(t)ξj(t
′)

I Dimension reduction:

xi(t) ≈ x̄(t) +

K∑
j=1

Aijξj(t),

where Aij =
∫

[xi(t)− x̄(t)] ξj(t) dt



Functional Linear Models

I Functional Predictor Regression

yi = β0 +

∫
β(t)z(t) dt+ εi

I Functional Response Regression

yi(t) = β0(t) +

p∑
k=1

βk(t)zik + εi(t)

I Function-on-Function Regression

yi(t) = β0(t) +

∫
β(s, t)zi(s) ds+ εi(t)



FDA Viewpoint of Space-Time Data

I In Mart́ınez-Hernández & Genton (2020) “Recent
Developments in Complex and Spatially Correlated Functional
Data”, they used wind data simulated from the Weather
Research Forecasting (WRF) model

I Hourly wind speed at 5-km resolution from 2009-2014 in a
115× 115 km2 region
⇒ y(si, tj), i = 1, · · · , 529, j = 1, · · · , (365× 6× 24)

I They examined (very briefly) on the spatial functional data
and surface time series viewpoints



Spatial Functional Data Viewpoint

Source: Mart́ınez-Hernández & Genton (2020) Fig. 1



Surface Time Series Viewpoint

Source: Mart́ınez-Hernández & Genton (2020) Fig. 4



Plans for the Rest of the Semester

I 11/11 Discussion of Parameter estimation for differential
equations

I 11/18 Xinyi Li: Image-on-Scalar Regression


