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Background

An example of cosine wave

source("curlyBraces.R")
A = 2
omega = 1
phi = 1
t <- seq(-phi / (2 * pi), 3, len = 200)
y <- A * cos (2 * pi * omega * t + phi)
par(mgp = c(2.2, 1, 0), mar = c(3.5, 4, 0.8, 0.6), las = 1)
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fu <- expression(y(t) == paste("A", cos(2 * pi * omega * t + phi)))
plot(t, y, type = "l", yaxt = "n", bty = "n", ylab = fu, xlim = c(- phi / (2 * pi), 3))
abline(h = 0, lty = 2, col = "gray")
segments(1 - phi / (2 * pi), 0, 2 - phi / (2 * pi), col = "blue")
segments(1 - phi / (2 * pi), 0, y1 = A, col = "red")
CurlyBraces(1 - phi / (2 * pi), 0.5 * A, A, pos = 1, direction = 2, col = "red")
text(x = 1 - phi / (2 * pi) - 0.5, y = 0.5 * A, "A", family = "serif",

col = "red", cex = 2)
CurlyBraces(0, 1.5 - phi / (2 * pi), omega, pos = 2, direction = 2, col = "blue")
text(x = 1.5 - phi / (2 * pi), y = -0.65, expression(1/omega), family = "serif",

col = "blue", cex = 2)
abline(v = - phi / (2 * pi), lty = 2)
text(- phi / (2 * pi), par("usr")[3] - 0.1, labels = expression(-phi/2*pi*omega),

srt = 65, pos = 1, xpd = TRUE)
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An example from Cryer and Chan Cryer and Chan (2008), Chapter 13

yt = 3 cos
(

2π( 10
200)t

)
+ 2 cos

(
2π( 32

200 t + 0.3)
)

t = 1:400
cos1 <- cos(2 * pi* t * 10 / 200)
cos2 <- cos(2 * pi * (t * 32 / 200 + .3))
plot(t, cos1, type = 'o', ylab = 'Cosines', col = "red", cex = 0.2)
lines(t, cos2, lty = 'dotted', type = 'o', pch = 4, col = "blue", cex = 0.2)

2



0 100 200 300 400

−
1.

0
−

0.
5

0.
0

0.
5

1.
0

t

C
os

in
es

library(astsa)
y <- 3 * cos1 + 2 * cos2
par(mgp = c(2.7, 1, 0), mar = c(3.5, 4.5, 0.8, 0.6), las = 1, mfrow = c(3, 1))
tsplot(y, ylab = expression(y[t]))
acf(y)
library(TSA)

##
## Attaching package: ’TSA’

## The following objects are masked from ’package:stats’:
##
## acf, arima

## The following object is masked from ’package:utils’:
##
## tar

periodogram(y, ylab = ""); abline(h = 0)
axis(1, at = c(10 / 200, 32 / 200))
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Illustration of aliasing

par(mgp = c(2, 1, 0), mar = c(3.5, 4, 0.8, 0.6), las = 1)
t <- seq(0, 8, by = .05)
plot(t, cos(2 * pi * t / 4), axes = F, type = 'l', ylab = "", xlab = 'Discrete Time t')
mtext(expression(Y[t]), 2, las = 1, line = 2.2, cex = 1.2)
axis(1, at = 1:7); axis(1); axis(2); box()
lines(t, cos(2 * pi * t * 3 / 4), lty = 'dashed', type = 'l'); abline(h = 0)
points(x= 0:8, y = cos(2 * pi * (0:8) / 4), pch = 19)
legend("bottomleft", legend = c(0.25, 0.75), title = expression(omega),

lty = c(1, 2), bty = "n", cex = 0.8)
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##
Periodogram

Toy Examples

par(las = 1, mgp = c(2, 1, 0), mar = c(4, 4, 1, 0.6))
# one frequency:
y = cos(2 * pi * (0.1) * (1:144))
ts.plot(y)
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P <- Mod(2 * fft(y) / 144)
Fr <- 0:143 / 144
plot(Fr, P, type = "h", xlab = "Frequency", ylab = "Scaled periodogram")
abline(v = 0.5, lty = 2)
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# and a second frequency:
y = y + 2 * cos(2 * pi * (0.234) * (1:144))
ts.plot(y); spectrum(y, log = "no", main = "", type = "h")

7



Time

y

0 20 40 60 80 100 120 140

−3

−2

−1

0

1

2

3

0.0 0.1 0.2 0.3 0.4 0.5

0

20

40

60

80

100

frequency

sp
ec

tr
um

bandwidth = 0.002

# and added noise:
y = y + rnorm(144)
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ts.plot(y); spectrum(y, log = "no", main = "", type = "h")
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Example 4.3 from Shumway (n.d.)

n = length(star)
par(mfrow = c(2, 1))
tsplot(star, ylab = "Star magnitude", xlab = "Day")
Per <- Mod(fft(star - mean(star)))ˆ2 / n
Freq <- (1:(n - 1)) / n
tsplot(Freq[1:50], Per[1:50], type = 'h', lwd = 3, ylab = "Periodogram",

xlab = "Frequency")
text(.05, 7000, "24 day cycle")
text(.027, 9000, "29 day cycle")
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Spectral Density

Spectral Density of MA(1) Process with θ = ±0.5

theta = 0.5

par(las = 1, mar = c(3.8, 3.8, 0.8, 0.6), mfrow = c(2, 2), mgp = c(2, 1, 0))
ARMAspec(model = list(ma = theta))
ts.plot(arima.sim(n = 128, list(ma = theta)), ylab = "")
ARMAspec(model = list(ma = -theta))
ts.plot(arima.sim(n = 128, list(ma = -theta)), ylab = "")
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Spectral Density of AR(1) Process with ϕ = ±0.9

phi = .9

par(las = 1, mar = c(3.8, 3.8, 0.8, 0.6), mfrow = c(2, 2), mgp = c(2, 1, 0))
ARMAspec(model = list(ar = phi))
ts.plot(arima.sim(n = 128, list(ar = phi)), ylab = "")
ARMAspec(model = list(ar = -phi))
ts.plot(arima.sim(n = 128, list(ar = -phi)), ylab = "")
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Spectral Density of AR(2) Process with ϕ1 = 1.5, ϕ2 = −0.95

phi = c(1.5, -0.95)
par(las = 1, mar = c(4, 4, 1, 0.6))
ARMAspec(model = list(ar = phi))
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ts.plot(arima.sim(n = 128, list(ar = phi)))
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Spectral Density of SARMA$

phi = 0.5; PHI = .9
ARMAspec(model = list(ar = phi, seasonal = list(sar = PHI, period = 12)))
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Spectral Estimation

The periodogram is not a consistent estimator!

n = 200; phi= -0.6; N = 100
y = replicate(N, arima.sim(model = list(ar = phi), n = n))
spec <- apply(y, 2, function(x) spec(x, log = "no", plot = F)$spec)

freq <- 1:(0.5 * n) / n
plot(freq, apply(spec, 1, mean), type = "l")
lines(freq, ARMAspec(model = list(ar = phi), freq = freq, plot = F)$spec, col = "blue")
lines(freq, apply(spec, 1, sd), col = "red")
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par(las = 1, mar = c(4, 4, 1, 0.6), mgp = c(2, 1, 0))
sp <- spec(y[, 1], log = 'no', xlab = 'Frequency',

ylab = 'Sample Spectral Density', sub = '', main = "",
col = "red")

lines(sp$freq, ARMAspec(model = list(ar = phi), freq = sp$freq,
plot = F)$spec, lwd = 1.5)

abline(h = 0, col = "gray")
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Averaged Periodogram

par(las = 1, mar = c(4, 4, 1, 0.6), mgp = c(2, 1, 0))
sp <- spec(y[, 1], log = 'no', xlab = 'Frequency',

ylab = 'Sample Spectral Density', sub = '', main = "",
col = "red")

lines(sp$freq, ARMAspec(model = list(ar = phi), freq = sp$freq,
plot = F)$spec, lwd = 1.5)

abline(h = 0, col = "gray")
k = kernel("daniell", m = 5)
sp1 <- spec(y[, 1], kernel = k, log = 'no', plot = F)
lines(sp1$freq, sp1$spec, col = "blue")
k = kernel("daniell", m = 15)
sp2 <- spec(y[, 1], kernel = k, log = 'no', plot = F)
lines(sp2$freq, sp2$spec, col = "green")
legend("topleft", legend = c(0, 5, 15),

col = c("red", "blue", "green"), title = "l",
lty = 1, bty = "n")
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### Pointwise CIs for f(ω)

par(las = 1, mar = c(4, 4, 1, 0.6), mgp = c(2, 1, 0))
k <- kernel('daniell', m = 15)
sp <- spec(y[, 1], kernel = k, sub = '', xlab = 'Frequency',

ylab = 'Log(Smoothed Spectral Density)', ci.plot = T, ci.col = "blue",
col = "blue", main = "")

lines(sp$freq, ARMAspec(model = list(ar = phi), sp$freq, plot = F)$spec, lwd = 1.5)
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par(las = 1, mar = c(4, 4, 1, 0.6), mgp = c(2, 1, 0))
k <- kernel('daniell', m = 15)
sp <- spec(y[, 1], kernel = k, sub = '', xlab = 'Frequency',

ylab = 'Smoothed Spectral Density', ci.plot = T,
col = "blue", main = "", log = "no")

lines(sp$freq, ARMAspec(model = list(ar = phi), sp$freq, plot = F)$spec, lwd = 1.5)
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Leakage

t = 1:96; f1 = 0.088; f2 = 24/96
y <- 3 * cos(f1 * 2 * pi * t) + sin(f2 * 2 * pi * t)

par(las = 1, mar = c(4, 4, 1, 0.6), mgp = c(2.4, 1, 0))
periodogram(y)
abline(h = 0)
abline(v = c(0.088, 24 / 96), col = "blue")
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Tapering

source("plotspectrum.R")
par(mfcol = c(3, 1), mar = c(2, 2, 1, 1))
plot(taper(rep(1, 128), 0.5), type = "l", lty = 2)
plot(x5h, type = "l")
plot(taper(x5h, 0.5), type = "l")

w <- rnorm(128, sd = 0.01)
par(mfcol = c(2, 1), mar = c(2, 2, 1, 1), las = 1)
x5h <- cos(2 * pi * (5.5 / 128) * (1:128)) + w
spectrum(x5h, taper = 0, ylim = c(1e-7, 1e2), main = "")
abline(v = 5.5 / 128, col = "red")
spectrum(x5h, taper = 0.5, ylim = c(1e-7, 1e2), main = "")
abline(v = 5.5 / 128, col = "red")
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